Based on data on Galactic masers with measured trigonometric parallaxes, we have tested a nonlinear model of Galactic rotation using generalized Oort formulas. This model is shown to yield pretty good results up to heliocentric distances of 3-4 kpc. The main feature of the method is the possibility of estimating the solar Galactocentric distance R 0 . This distance has been found by analyzing ≈60 masers to be R 0 = 8.3 ± 0.4 kpc. Our study of the threedimensional kinematics of more than 100 masers based on the Ogorodnikov-Milne model has shown that significant nonlinearities are present only in the xy plane (rotation around the Galactic z axis) due to the peculiarities of the Galactic rotation curve. No significant linear dependences have been found in the xz and yz planes. We show the presence of a wave in the velocities w as a function of coordinate x or distance R with a wavelength of 3 kpc and an amplitude of 10 km s −1 . The wave is particularly prominent in the Local and Perseus arms.
INTRODUCTION
The parameters of Galactic rotation have been repeatedly determined by many authors using objects belonging to various structural components of the Galaxy: from ionized and neutral hydrogen (Clemens 1985 Bobylev et al. 2007 ). Galactic masers are of great interest for studying the Galactic kinematics, because their trigonometric parallaxes are measured by VLBI with a high accuracy, on average, at least 10% (Reid et al. 2014) .
One of the important problems is to determine the Galactocentric distance of the Sun R 0 . Reid (1993) published a review of the R0 measurements made by then by various methods. He divided all measurements into primary, secondary, and indirect ones and obtained the "best value" as a weighted mean of the published measurements over a period of 20 years: R 0 = 8.0 ± 0.5 kpc. Nikiforov (2003) proposed a more complete three-dimensional classification in which the type of R0 determination method, the method of finding the reference distances, and the type of reference objects are taken into account. Taking into account the main types of errors and correlations associated with the classes of measurements, he obtained the "best value" R 0 = 7.9 ± 0. The direct methods of determining the distance R0 are not all that many. These include such methods as the VLBI measurements of the trigonometric parallaxes for masers at the Galactic center, the use of Cepheids and globular clusters, or the application of the dynamical parallax method to analyze the motion of stars around the supermassive central black hole. There are much more indirect methods. The various kinematic methods of estimating R 0 occupy an important place among them. In particular, using such a method, Reid et al. (2014) obtained an estimate of R 0 = 8.34 ± 0.16 kpc by analyzing the kinematics of Galactic masers, while Bobylev and Bajkova (2014) found R 0 = 8.3 ± 0.2 kpc from masers, with these authors having applied different methods of analysis.
The number of masers with measured trigonometric parallaxes already exceeds 100. This allows one not only to study the Galactic rotation parameters and the influence of the spiral structure (the xy plane) but also to check the presence of some kinematic peculiarities in the other two planes (xz and yz). Such a check is one of the goals of this paper. For example, a kinematic relationship to the Galactic warp (Bobylev 2013) , which manifests itself in the yz plane, is revealed in the motion of distant Cepheids. Having analyzed OB stars, Branham (2014) found significantly nonzero values of the gradients ∂w/∂z and ∂ 2 w/∂ 2 z. He used a nonlinear model based on generalized Oort formulas, which served as a stimulus for applying a similar approach in this paper. Vityazev and Tsvetkov (2014) reported the existence of significantly nonzero beyond-the-model (with respect to the linear Ogorodnikov.Milne model) harmonics in the motion of stars from various catalogs.
The main goal of this paper is to test a nonlinear model of Galactic rotation using generalized Oort formulas. Such an approach allows the angular velocity of Galactic rotation and its derivatives as well as the solar Galactocentric distance R 0 to be estimated.
DATA
Based on published data, we gathered information about the coordinates, line-of-sight velocities, proper motions, and trigonometric parallaxes of Galactic masers measured by VLBI with an error, on average, less than 10%. These masers are associated with very young objects, protostars of mostly high masses located in regions of active star formation. The proper motions and trigonometric parallaxes of the masers are absolute, because they are determined with respect to extragalactic reference objects (quasars).
One of the projects to measure the trigonometric parallaxes and proper motions is the Japanese VERA (VLBI Exploration of Radio Astrometry) project devoted to the observations of H 2 O masers at 22.2 GHz (Hirota et al. 2007 ) and a number of SiO masers (which are very few among young objects) at 43 GHz (Kim et al. 2008 
METHODS
Here, we use a rectangular Galactic coordinate system with the axes directed away from the observer toward the Galactic center (l=0
• , b=0
• , the x axis), in the direction of Galactic
• , the y axis), and toward the north Galactic pole (b=90 • , the z axis).
Generalized Oort Equations
Bottlinger's equations are
where the signs at the angular velocities of Galactic rotation ω and ω 0 correspond to positive rotation from the x axis to y, i.e., counterclockwise rotation. The angular velocity ω is then expanded in a series to terms of the second order in r/R 0 . In this case, the distance from the star to the Galactic rotation axis R,
is again expanded in a series in r/R 0 and then only the first two expansion terms are used: R ≈ R 0 − r cos b cos l. The resulting expressions are called the generalized Oort equations. They are written as (Ogorodnikov 1965 )
where V r is the line-of-sight velocity of the star (in km s −1 ); r = 1/π is the heliocentric distance of the star;V l = 4.74rµ l cos b and V b = 4.74rµ b are the proper motion velocity components of the star (in mas yr −1 ) in the l and b directions, respectively; the coefficient 4.74 is the quotient of the number of kilometers in an astronomical unit by the number of seconds in a tropical year; u ⊙ , v ⊙ , w ⊙ are the stellar group velocity components relative to the Sun taken with the opposite sign (the velocity u is directed toward the Galactic center, v is in the direction of Galactic rotation, w is directed to the north Galactic pole); R 0 is the Galactocentric distance of the Sun; ω 0 is the angular velocity of rotation at the distance R 0 ; the parameters ω The system of conditional equations (3)- (5) 
The Linear Ogorodnikov-Milne Model
In the linear Ogorodnikov-Milne model (Ogorodnikov 1965) , the observed velocity V(r) of a star with a heliocentric radius vector r is described, to terms of the first order of smallness r/R 0 ≪ 1, by the vector equation
Here, V ⊙ (u ⊙ , v ⊙ , w ⊙ ) is the Sun's peculiar velocity relative to the stars under consideration, V ′ is the star's residual velocity, M is the displacement matrix whose components are the partial derivatives of the velocity u(u, v, w) with respect to the distance r(x, y, z), where u = V(R) − V(R 0 ). Neglecting the residual velocities, Eqs. (6) can be written in an expanded form as
where the subscript 0 means that the derivatives are taken at R = R 0 . In cylindrical coordinates (R, θ, z), the displacement matrix M is
Here, all derivatives are taken at the point with coordinates (R = R • , θ = 0
RESULTS

Following the recommendations of Reid et al. (2014)
, we did not use any masers located at distances R < 4 kpc when determining the Galactic rotation parameters, because the influence of the noncircular motions associated with the influence of the central Galactic bar is great in this region. To determine the Galactic rotation parameters, we produced a sample of "best" masers. For this purpose, we solved the system of equations (3)- (5) using the constraints ε π /π ≤ 10% and r ≤ 4 kpc that are met by 66 masers. As a result of successive rejections according to the 3σ criterion, 60 sources remained. The following masers turned out to be the rejected ones: G012.68.00.18, G016.58.00.05, G034.39+00.22, G078.12+03.63, G078.88+00.70, and G108.59+00. 49 . As a result, we obtained the following solution:
based on which we found , where S 0 denotes the "cosmic" dispersion taken to be 8 km s −1 , the solution is (10), the values of such local parameters as w ⊙ , A and B, are determined here slightly better, but the value of ω ′′ 0 is determined less reliably because of the reduction in the sample radius. Figure 1 shows an example of the Galactic rotation curve, V circ = |Rω|, constructed with parameters (9) , where the velocities of 106 masers are plotted. As can be seen from the figure, the rotation curve describes satisfactorily the distribution of maser rotation velocities in the range 4 < R < 12 kpc.
It can be concluded that the method based on the generalized Oort equations yields pretty good results and extends the capabilities of the linear Oort-Lindblad model (which can be used up to distances of 2 kpc) to heliocentric distances of 3-4 kpc, while the main feature of the method is that the distance R 0 can be estimated fairly easily. As we see from the solutions obtained from masers, this distance is R 0 = 8.3 ± 0.4 kpc. Let us now turn to the Ogorodnikov-Milne model. Figure 2 presents nine dependences of the maser velocities u, v, w on coordinates x, y, z. In fact, all nine elements of the displacement matrix M (6) are displayed here graphically, with the panels in the figure following in the same order as the elements of the matrix M in forms (7) and (8) .
The Galactic rotation around the z axis is described by the velocities u and v that lie in the Galactic xy plane. Four panels, (a), (b), (d), and (e), refer to this motion. The velocities on panels (b) and (d) are not the residual ones, while those on the remaining panels are the residual ones that were formed by taking into account the Galactic rotation with parameters (9) The application of the linear approach is clearly seen to be limited by a radius of ≈ 2 kpc from the Sun; the velocities v beyond this range deviate significantly from the linear trend. Figure 3 presents the dependences of the residual maser velocities u and v on coordinates y and x, respectively. Allowance for the Galactic rotation parameters (9) found with two derivatives of the angular velocity is seen to correct the data quite well, although a wave with a small amplitude (≈10 km s −1 ) is visible in the velocities u on the left panel of Fig.3 . Panels (e), (f), (h), and (i) in Fig.2 refer to the motions in the yz plane. As we see from the figure, no significant linear trends are traceable here. This plane is interesting in that the velocities of the objects can have a kinematic relationship to such a large scale phenomenon in the Galaxy as the disk warp (Bobylev 2013) . The masers at great (more than 10 kpc) heliocentric distances in directions l ≈ 90
• and l ≈ 270
• with considerable z are clearly not yet enough to study this effect based on them.
Panels (a), (c), (g), and (i) in Fig.2 refer to the motions in the xz plane. No significant linear trends are traceable here either. Panel (g), where a periodicity with a wavelength of 3-4 kpc and an amplitude of ≈ 10 km s −1 is clearly seen, engages our attention. According to the linear model of the spiral structure by Lin and Shu (1964) , only the velocities V R and V θ are subjected to perturbations from the density wave. Manifestations of these perturbations are clearly seen on panels (a) and (d) in Fig.2 as well as on the right panel in Fig.3 .
The tangential velocity perturbations produced by the spiral density wave are clearly seen in Fig.1 as periodic deviations from the smooth rotation curve. They manifest themselves even better in the radial velocities V R ,, which can be easily seen from Fig.4 . Figure 5 shows an example of the influence of the spiral structure on the velocity components u and v. The corrections were calculated for each maser with the following model parameters: equal (in magnitude) amplitudes, f R = −8 km s −1 and f θ = 8 km s −1 1, but individual phases of the Sun in the wave, (χ ⊙ ) R = −160
• and (χ ⊙ ) θ = −50
• , the wavelength λ = 2.4 kpc, a two-armed spiral pattern, m = 2. These parameters of the spiral density wave were found in Bobylev and Bajkova (2013) from masers, where the method of allowance for these perturbations directly in the components V r , V l , and V b is described in detail.
We can see from the figure that waves are clearly visible in the immediate solar neighborhood on the two left panels (u = f (x) and v = f (x)). Thus, there is no doubt that the periodic velocity perturbations manifesting themselves in Fig.2 (panel (a) ) and Fig.3 are related to the influence of the Galactic spiral density wave.
If the periodicity in the velocities w as a function of x (Fig.2) is related to the spiral structure, then the dependence of w on R must be more interesting. This dependence is presented in Fig.6 . We can see from the figure that the picture is blurred in the inner region of the Galaxy, but the masers in the Local arm and the Perseus arm (R ≈ 10 kpc) have significant perturbations. About 30 masers belong to the Local arm. The velocity distribution shown in Fig.6 comes as no surprise for the Gould Belt. Indeed, if the Gould Belt stars are subjected to intrinsic expansion away from the center l ≈ 180
• at an angle to the Galactic plane of 20
• (Bobylev 2006) , then there will be projections of these velocities onto the z axis. The projections of these velocities will be positive for the stars of the Scorpius-Centaurus association (R < R 0 ) and negative for the stars of the Orion association (R > R 0 ), exactly as in the figure. Remarkably, removing the Gould Belt objects (r < 0.5 kpc) from the sample does not change the picture. Thus, the entire Local arm shows a velocity perturbation in z, for which a single mechanism, for example, the density wave, can be responsible.
Finally, note the paper by Branham (2014) , who analyzed the three-dimensional kinematics of more than 6000 OB stars within r < 3 kpc of the Sun. He used a method based on the generalized Oort formulas, with two more terms having been added to Eqs. (3)- (5): ∂w/∂z and ∂ 2 w/∂ 2 z. As can be seen on panel (i) in Fig. 2 , even the linear trend (∂w/∂z) is invisible. Therefore, adding these two terms when studying the masers seems inappropriate so far. and B = −12.37 ± 1.12 km s −1 kpc −1 . It can be seen that all parameters are determined in this case with smaller errors than those in solutions (9), (10), or (11) , but the R 0 estimation methods differ.
Our new estimate of R 0 = 8.3±0.4 kpc obtained here is consistent with the results of other authors found by applying different methods based on different data. Some of the results were pointed out in the Introduction. We can point out several more interesting works. Having analyzed the orbits of stars moving around the massive black hole at the Galactic center (the dynamical parallax method), Gillessen The detected oscillations of the velocities w as a function of x (panel (g) in Fig.2) or R (Fig.6) show that beyond-the-model (with respect to the linear Ogorodnikov.Milne model) harmonics in the motion of stars (Vityazev and Tsvetkov 2014) can actually manifest themselves in different planes, but they have the pattern of local perturbations. Obviously, if the sample radius is small, then the amplitude of such local harmonics can be significant. Indeed, if a linear trend is drawn in Fig.6 through the Local arm masers, then a large coefficient ∂w/∂R ≈ −22 km s −1 kpc −1 determined with a small error is obtained. The perturbations only in the radial and tangential velocities are considered in most models of the Galactic spiral structure. Interestingly, large-scale vertical velocity perturba- Debattista (2014) have shown that the propagation of a spiral density wave in the Galactic disk can give rise to vertical oscillations with an amplitude of 10-20 km s −1 . At present, the observations of ≈ 400 masers are being carried out within the framework of the BeSSeL project (Brunthaler et al. 2011 ) with the goal of determining their trigonometric parallaxes. Therefore, it will soon be possible to study in more detail the above subtle kinematic effects based on a large sample of sources.
CONCLUSIONS
We gathered information about the coordinates, line-of-sight velocities, proper motions, and trigonometric parallaxes of Galactic masers from published data. Based on these data, we tested a nonlinear model of Galactic rotation using generalized Oort formulas. This model is interesting in that, apart from the rotation parameters ω 0 , ω ′ 0 , and ω ′′ 0 it allows the Galactocentric distance of the Sun R 0 to be easily estimated.
Using a sample of masers with parallax errors ε π /π < 10%, we found the Galactic rotation parameters and obtained a kinematic estimate of the solar Galactocentric distance, R 0 = 8.3 ± 0.4 kpc.
Analysis of the three-dimensional kinematics of 106 masers showed significant nonlinearities to be present in the xy plane (rotation around the Galactic z axis) due to the peculiarities of the Galactic rotation curve (the existence of high-order derivatives in the expansion of the angular velocity). No distinct linear trends were found in the other two planes, xz and yz. The presence of a wave in the velocities w as a function of coordinate x or R with a wavelength of ≈ 3 kpc and an amplitude of 10 km s −1 is of considerable interest. This wave is probably associated with the Galactic spiral density wave.
